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Abstract—This paper presents a novel algorithm for the analysis
of quasi-optical filters, consisting of thick metal screens perforated
periodically with arbitrarily shaped apertures. The algorithm is
based on the widely used method of moments (MoM) in conjunction with entire domain basis functions. Its flexibility, accuracy,
and rapidity depend on the use of the Boundary Integral-Resonant
Mode Expansion (BI-RME) method in the numerical determination of the basis functions. A computer code has been developed
based on this algorithm. The analysis of two different quasi-optical
filters operating at 8 GHz and 280 GHz is reported and compared
with experimental data as well as with other simulations. In both
cases, the whole analysis requires few seconds on a standard workstation and the theoretical results show a very good agreement with
the measured data in a wide frequency band. The capability of the
MoM/BI-RME approach to handle completely arbitrary shapes is
highlighted in the second example. In this case, in fact, the fabrication process causes small deformations of the nominal shape of the
apertures, which must be accounted for, since they play an important role in the frequency response of the filter.
Index Terms—Coupling integrals, entire domain basis functions,
frequency-selective surfaces, numerical methods, quasi-optical filters.

I. INTRODUCTION

Q

UASI-OPTICAL filters typically consist of a metal
screen perforated periodically with apertures (Fig. 1)
and find several applications in the microwave as well as
in the millimeter– and submillimeter-wave range [1]–[3]. The
reflection/transmission characteristics of the filters depend on
the shape of the apertures, on their size and spacing, and on the
thickness of the metal screen.
Many different algorithms have been proposed for the analysis of quasi-optical filters under the infinite array approximation: the method of moments (MoM) [4], [5], the finite difference time-domain (FDTD) method [6], and the finite element
method (FEM) [7]. Algorithms based on the FDTD or FEM
apply to very general structures but are usually quite slow and
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Fig. 1. A quasi-optical filter with arbitrarily shaped apertures.

require large memory allocation. This problem can be partially
overcome by using hybrid methods [8]–[12]. The MoM is a
widely used method and has been applied with both subdomain
[4] and entire domain basis functions [5] to expand the fields
on the apertures. Subdomain basis functions apply to arbitrary
apertures, but lead to large matrix problems and are limited to
thin screens. Conversely, the use of entire domain basis functions reduces the dimension of the matrix problem, thus leading
to a very efficient algorithm. The modal vectors of a waveguide
with a cross section coincident with the aperture represent a
suitable set of basis functions, since they span the entire domain of the aperture and satisfy the boundary conditions [13],
[14]. This choice, indeed, is quite obvious in the case of thick
screens, since each hole perforating the screen can be considered as a short waveguide section. In [5], analysis is limited
to structures with apertures of conventional shape (e.g., rectangular or circular), where the modal vectors are known analytically. On the other hand, different shapes, such as crosses [15],
[16], Jerusalem crosses [4], [16], tripoles [17], [18], rings, and
square loops [19], [20], are useful for obtaining better performances (e.g., stability of the resonance frequency with the incident angle, low cross-polarization level, large bandwidth, small
band separation). Moreover, considering irregular shapes is important in high accuracy analyses, to take into account small
deformations of the apertures due to the manufacturing process.
Therefore, a CAD tool for the analysis of quasi-optical filters
should be able to consider arbitrarily shaped apertures. In this
case, the modal vectors of the waveguide must be numerically
calculated.
In this paper, we present the application of the MoM in conjunction with the Boundary Integral-Resonant Mode Expansion
(BI-RME) method [21]–[23], which is used in the numerical calculation of the waveguide modes. The BI-RME method applies
to arbitrary apertures and permits one to calculate the set of entire domain basis functions in a very short time. Moreover, it
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Fig. 2. Periodicity of the quasi-optical structure:
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will be shown that this method yields as a by-product quantities
involved in the calculation of the MoM matrices.
In order to demonstrate the capabilities of the proposed
method, we present the analysis of two quasi-optical filters.
The first example refers to a very thick -band dichroic filter,
excited by a plane wave at an oblique angle of incidence. In
this case, we can obtain very good results, both compared
with experimental data and with theoretical results calculated
by using a different numerical method. The second example
is a bandpass filter at 280 GHz consisting of a metal screen
perforated with cross-shaped apertures, excited by a plane
wave with normal incidence. By exploiting the capability
of the code in handling arbitrarily shaped apertures, we can
take into account the effect of the rounded corners due to the
manufacturing process. The comparison between numerical
and experimental results over a very wide frequency band
demonstrates the accuracy of the method and highlights the
possibility of dramatically shortening the computing time with
respect to commercially available codes.

II. MOM ANALYSIS OF QUASI-OPTICAL FILTERS
The MoM analysis of quasi-optical filters is a well-established technique [1]. The only aim of this short overview is the
introduction of formulas and symbols relevant for the discussion to follow.
Let us consider a quasi-optical filter (Fig. 1) consisting of
a thick metal screen, perforated periodically with apertures of
arbitrary shape. The aim of the analysis is the determination of
the reflected and transmitted electromagnetic fields when the
filter is illuminated by a uniform plane wave at a given angular
.
frequency , incident from the direction
Due to the double periodicity of the structure (Fig. 2), the
analysis reduces to the investigation of a single unit cell [1].
and
on both
By using the equivalence theorem, apertures
sides of the screen (see Fig. 3) are closed by perfect conducand
are
tors, and equivalent magnetic current densities
defined over them. In order to guarantee the continuity of the
tangential component of the electric field, we impose that the
magnetic currents on both sides of and are equal in amplitude and opposite in phase. Moreover, to ensure the continuity
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Fig. 3. Side view of the equivalent circuit of the unit cell. Region II is a
waveguide section with a cross section S , connected to Regions I and III
through the apertures S and S , respectively.

of the tangential component of the magnetic field, the following
equations must be satisfied:
on
on
(1)
is the incident magnetic field, the subscripts refer to
where
,
the source generating the field (namely, the incident field,
), and the superscripts indicate the left and right sides
or
and
of the pertinent aperture. The magnetic fields
(in region I and III, respectively) are expressed as summations
(see Table I), whereas in region II the
of Floquet modes
, and
are given as summations of
fields
magnetic modal vectors of the waveguide with a cross section
(see Fig. 2).
of a waveAs is well known, the magnetic modal vectors
guide can refer to both TM and TE modes. In the following,
when necessary, prime and double prime superscripts will be
used to distinguish between TM and TE modes, respectively.
The magnetic modal vectors can be expressed in terms of two
potential functions
(2)
(3)
and
are the cutoff wavenumber of the TM and
where
and
satisfy the
TE modes, respectively. The potentials
Helmholtz equation with the Dirichelet and Neumann boundary
conditions, respectively
in S
on
in
on

(4)
(5)

Moreover, we assume the following normalization for the modal
vectors:
(6)
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EXPRESSIONS

= p

TABLE I
FLOQUET MODES (k
!   
MAGNETIC PERMITTIVITIES OF THE VACUUM;

OF THE

where
is the Kronecker delta. By substituting (2) and (3)
into (6), it can be easily proved that the normalization for the
potentials must be

;

=  = ;  AND  ARE THE ELECTRIC AND
r = ~u @=@x + ~u @=@y)

Galerkin form (i.e., choosing
the following matrix problem:

as test functions), we obtain

(10)
where
and

and
are the column vectors of the coefficients
is a null column vector of elements, and

(7)
(11)
The integral equation deriving from (1) is solved by using the
MoM. The magnetic currents are expressed as combinations of
the magnetic modal vectors of the first waveguide modes

(12)
(13)
(14)

(8)

(9)
and are unknown coefficients, and the summations
where
extend to both TM and TE modes. By using the MoM in the

where and range from 1 to , the summation in (11) extends
to all types of Floquet modes (TM, TE, and, possibly, TEM),
denotes the modal admittance of the Floquet modes (see
Table I), and is the thickness of the metal screen (see Fig. 3).
Moreover,
if
otherwise

(15)
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is the propagation constant of the waveguide modes. In (15),
and
represents the cutoff wavenumber of a
or a TE
mode. Furthermore, the modal admittance
TM
is given by
modes
modes

(16)

corresponds to
or
in the case
Finally, in (14),
or
in the case of oblique
of normal incidence, and to
incidence (see Table I).
The solution of the matrix problem (10) yields the unknown
and . Once these coefficients have been calcoefficients
and the reflected field
culated, the transmitted field
can be determined. For instance, considering
, it
results in
(17)

Fig. 4. The geometry considered for the application of the BI-RME method:
the cross section S of the arbitrarily shaped waveguide is enclosed in the exterior
rectangular resonator .

Due to the introduction of the fictitious exterior rectangular resonator, the scalar potentials and can be expressed in the
form

(18)
(25)

where the transmission and reflection coefficients are given by
(19)

(26)
(20)

(21)

where and are regular functions in (continuously differ, and
are
entiables to the second order, at least) and
frequency-independent Green’s functions of the rectangular resonator and satisfy
(27)
(28)
(29)
(30)

(22)
Similar expressions can be found when considering different
, or
).
incident fields (i.e.,
In conclusion, the application of the MoM algorithm to the
analysis of quasi-optical filters requires: 1) the evaluation of the
modes of the waveguide and 2) the calculation of the coupling
and the Flointegrals between the waveguide modal vectors
.
quet modal vectors
III. DETERMINATION OF THE WAVEGUIDE MODES BY THE
BI-RME METHOD
The modes of the waveguide with a cross section are determined by the BI-RME method [21]–[23], which is a modified version of the “Boundary Element Method” (BEM). In the
BEM approach, the unknowns are current sheets defined over
(Fig. 2) and acting in free space. On the conthe boundary
trary, in the BI-RME method, the same current sheets are embedded in an exterior rectangular resonator with a cross section
(Fig. 4). In fact, instead of solving directly the Helmoltz problems (4) and (5), the BI-RME method provides the solution of
the “enlarged” eigenvalue problems
in
on
in
on

and
and

(31)
(32)
is the outward normal vector on
.
where
Thus, integrals in (25) and (26) represent the quasi-static potentials produced in by an equivalent source density or
located on
, respectively;
and
represent (apart from
scale factors) the longitudinal current density of the TM modes
and the transverse current density of the TE modes, respectively.
Note, that due to the above-mentioned regularity of and of
(i.e., the continuity of
and of across ), the disconand of resides on the integrals appearing in
tinuity of
(25) and (26). Therefore, for a well-known property of Green’s
and coincide with
integrals, the discontinuities of
and , respectively

(23)
(24)

where and
ternal side of

on

(33)

on

(34)

denote quantities taken on the external and in.
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By substituting (25) into (23), we obtain the following system
of two integro-differential equations for the TM scalar potentials
[22]:
(35)
Analogously, by substituting (26) into (24) and exploiting the
properties of Green’s functions, we obtain the corresponding
system for the TE scalar potentials [23]

. However, these “spurious” solutions can be easily
selected and discarded (see [21, Sec. 5.2.5]). Hence, although
(25) and (26) define the potentials in the domain , the eigenand
of the th TM or TE mode, calculated
functions
so that
by the BI-RME method, practically vanish in
they are automatically normalized according to (7) [22], [23].
and
on
, so that (33) and
Moreover,
(34) become
on

(41)

on

(42)

(36)

Equations (35) and (36) constitute linear eigenvalue problems
} and {
}, respectively. Their
involving the unknowns {
solutions are obtained by using the MoM.
is approximated by a polygonal line with
The boundary
segment length not exceeding a quarter wavelength at the maxare apimum frequency of interest, and the functions and
proximated using suitable basis functions and (e.g., piecewise-parabolic splines, as discussed in [21, Sec. 5.2.4])
(37)
(38)
and, thanks to their regularity, functions
sented as resonant mode expansions

and

can be repre(39)
(40)

involving the potentials and of the first TM and TE modes
of the rectangular resonator , respectively [21, p. 336].
By substituting (37) and (39) into (35), and (38) and (40)
into (36), and applying Galerkin’s method, we obtain two linear
matrix eigenvalue problems, the first one for the TM modes and
the second one for the TE modes. The eigensolutions of (35) and
(36) are the cutoff wavenumbers and , and the coefficients
, and
, where the index refers to the th TM
or TE mode.
More details on the numerical implementation of the BI-RME
method (i.e., the analytical espressions of the basis functions as
well as of the potentials and , the expressions of the entries
of the eigenvalue problem matrices, the analytical expressions
, and in terms of rapidly convergent one-index series,
of
the numerical approach for the calculation of the matrices, etc.)
are available in [21]–[23] and are not reported here since their
discussion is beyond the scope of this work.
It is worth observing that, by solving (23) and (24), we find
not only the required solutions (i.e., those pertaining to the
domain ), but also the solutions pertaining to the domain

As will be shown later, the evaluation of the potentials (25) and
(26) and of the corresponding modal vectors (2) and (3) needed
in the calculation of (11) and (14) can be avoided, by obtaining
the MoM matrices using directly (41) and (42), and, therefore,
and
.
from the knowledge of
IV. CALCULATION OF THE COUPLING INTEGRALS
The evaluation of (11) requires the calculation of the “coupling integrals”
(43)
for all six combinations of TE or TM waveguide modes with the
TE, TM, or TEM Floquet modes. The other integral appearing
in (11) is the conjugate of (43). Moreover, as discussed in Secin (14) represents a Floquet modal
tion II, the incident field
or
), depending on the angle of
vector (i.e.,
incidence and on the polarization of the impinging wave. Thus,
also the integral in (14) reduces to (43).
Integral (43) could be directly calculated by a numerical surface integration, using the expression of the potentials (25) and
(26) together with (2) and (3), and expressions of the Floquet
modal fields reported in Table I. Nevertheless, a substantial improvement in computational efficiency can be achieved by transforming the surface integrals into contour integrals. In fact, as
derived in the Appendix, we have
(44)
(45)
(46)
(47)

(48)
(49)
In (47) and (49), the derivatives are taken with respect to the
tangent vector indicated in Fig. 2.
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The apparent advantage of this transformation comes from
the possibility of calculating the coupling integrals by a one-dimensional (1-D) numerical integration. Furthermore, observing
and , which are
that the contour integrals involve
given by (41) and (42) as a by-product of the BI-RME analysis,
by substituting (41) and (42) into (44) and (47)–(49), we obtain

(50)

(51)

Fig. 5. Schematic representation of the X -band dichroic filter. In the
prototype, the wall thickness was w
0:41 mm. The angle of incidence is
 = 30 ;  = 0 .

=

(52)

(53)
Since the integrals in (50)–(53) can be calculated analytically,
the use of the BI-RME method leads to a dramatic computational advantage.
,
Finally, it is worth observing that, in cases where
(50) and (52) are not applicable and the surface integration is
required.

V. NUMERICAL AND EXPERIMENTAL RESULTS
The algorithm described in the previous sections has been implemented in a computer code. To demonstrate the capabilities
of the code, we present the analysis of two structures: a dichroic
mirror operating in the -band and a quasi-optical bandpass
filter operating in the mm-wave region.
The first example refers to the analysis of the -band
dichroic filter reported in [24], consisting of a metal plate perforated with cross-shaped apertures (Fig. 5). In this structure,
mm of the metal plate is comparable
the thickness
with the wavelength and the angle of incidence is oblique
.
A possible approach to the analysis of dichroic plates perforated with crosses, which was adopted in [24], is based on the
hypothesis that the thickness (see Fig. 5) of the metal wall separating the apertures is zero. Under this hypothesis, the currents
on the front and back faces of the plate were neglected, and the
solution was found by an integral equation method, solved by
using the MoM: rooftop basis and razor testing functions were
applied. Though efficient, this approach is limited, because the
effect of the metal walls is small but not negligible and plays
an important role in the resonance frequencies. Moreover, this

Fig. 6. Analysis of the X -band dichroic filter with infinitely thin metal walls
(w = 0): MoM/BI-RME analysis is compared with simulations reported in the
literature.

analysis is limited to cross-shaped holes defined by a sharp contour. It is not possible, for instance, to take into account the unavoidable rounded corners due to the manufacturing process.
By using the MoM/BI-RME method, we performed the analysis of the dichroic filter, both under the hypothesis of
and considering the actual thickness
mm. The analysis of the dichroic plate with infinitely thin metal walls is reported in Fig. 6 and compared with the simulations reported in
[24]. Conversely, the analysis of the dichroic plate with finite
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Fig. 7. Analysis of the X -band dichroic filter with metal walls of finite
thickness (w
0:41 mm): MoM/BI-RME analysis is compared with
measurements reported in the literature.

=

metal walls is reported in Fig. 7 and compared with the experimental results reported in [24]. The agreement between our simulation and the measurements is very good, for both TM and
TE polarization. In the analysis, we used 34 entire domain basis
functions and 400 Floquet modes, in the case of both infinitely
thin and thick metal walls. The simulation required 62 s on a PC
Pentium III 600 MHz for the analysis in 100 frequency points in
the band 6.5–9 GHz. The numerical convergence of the method
was checked by increasing the number of basis functions and
Floquet modes. No significant change in the frequency response
was observed.
The second example refers to the analysis of a quasi-optical
bandpass filter, operating at 280 GHz [25]. It consists of a freem, perforated
standing copper foil with a thickness
periodically with cross-shaped apertures (see photographs in
Fig. 8). The geometrical dimensions of the filter are reported in
Fig. 9. This filter was fabricated at the University of Erlangen by
galvanizing growth on a base substrate [26] and measured at the
University of Freiburg by terahertz time-domain spectroscopy
[27]. Details related to technological issues are widely discussed
in [28]. The filter was excited by a uniform plane wave, inciand linearly polarized
dent from the broadside direction
along the direction.
As a first step, the analysis was performed up to 1.6 THz by
considering the nominal values of the geometrical dimensions,
i.e., considering the sharp corners in the aperture boundary

Fig. 8. Photographs of the 280-GHz quasi-optical filter.

(a)

(b)

Fig. 9. Geometry of the aperture of the quasi-optical filter: (a) the cross with
sharp corners snf (b) the cross with rounded corners. The dimensions of the
aperture and the periodicity are: L = 570 m, W = 160 m, R = 40 m,
a = b = 810 m, and = 90 .

[Fig. 9(a)]. The convergence of the method was achieved with
31 waveguide modes and 400 Floquet modes. The computing
time (on a PC Pentium III 600 MHz) was 10 s for the (frequency-independent) determination of the waveguide modes
by the BI-RME method, and 0.6 s for the calculation of the
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Fig. 10. Numerical results for the filter considering the aperture shape with
sharp corners [Fig. 9(a)], compared with experimental data. The transmittance
phase is the difference between the phase measured with and without the filter.

transmission/reflection coefficients on each frequency point.
Therefore, the analysis on 160 frequency points in the band
10–1600 GHz required 106 s. The results of the analysis
are shown in Fig. 10, together with the measured data. The
agreement between simulations and measurements is quite
good, the only discrepancy being a small shift in the predicted
resonance frequency, which was approximately 4% lower than
the measured one.
This frequency shift is due to the unavoidable smoothness of
the aperture boundary, resulting from the fabrication process.
From the photomicrographs, it can be deduced that an arc of ram should be considered instead of the sharp cordius
ners. Hence, we simulated the filter considering the cross section
drawn in Fig. 9(b). The number of basis functions (waveguide
modes) as well as Floquet modes did not change with respect to
the previous simulation and, consequently, the computing time
was identical. However, the resonance frequency of the filter
shifted upward, getting closer to the measured one (Fig. 11) and
reducing the error to 0.7%. The agreement between the simulations and the experimental data is excellent in the whole frequency band, both considering the magnitude and the phase.
As a final remark, we would like to point out that the analyses
presented above did not take advantage of the symmetries of
the problems, which are related to the aperture shape in conjunction with the particular direction and polarization of the incident wave. Considering the symmetries dramatically reduces
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Fig. 11. Numerical results for the filter considering the aperture shape with
rounded corners [Fig. 9(b)], compared with experimental data.

the CPU times. In fact, only those modes satisfying the proper
symmetry conditions are excited by the incident field. This leads
to a number of advantages.
• The calculation of the waveguide modes by the BI-RME
method can be performed by exploiting the symmetries,
thus reducing the computing time [21].
• The selection by symmetry of the waveguide modes
causes a reduction in the dimension of the matrix problem
(10), which must be solved frequency-by-frequency.
• The number of Floquet modes involved in the calculation
of the MoM matrix (11) is reduced.
• In the case of normal incidence, the Floquet modes are
frequency-independent, and, therefore, the evaluation of
the coupling integrals (44)–(49) can be performed only
once, before starting the frequency sweep.

VI. CONCLUSION
This paper presented a fast and accurate CAD tool for
the analysis of quasi-optical filters, consisting of a thick
metal screen perforated periodically with arbitrarily shaped
holes. The code implements an algorithm based on a hybrid
MoM/BI-RME method. The use of the BI-RME method permits an efficient determination of the waveguide modes used as
entire domain basis functions in the MoM analysis. Moreover,
the transformation of the surface integrals appearing in the
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MoM matrices into line integrals permits their calculation using
quantities obtained as a by-product of the BI-RME analysis.
The analysis of two quasi-optical filters operating at 8 GHz
and 280 GHz was presented. In both cases, the simulations and
the experimental data show an excellent agreement in a wide
frequency band. Moreover, by exploiting the peculiarities of the
BI-RME method in the analysis of the filter at 280 GHz, we
accounted for the smoothness of the aperture shape due to the
manufacturing process.
The typical computing time on a standard PC was of the order
of tens of seconds for the analysis of the filters in the whole frequency band. This time is orders of magnitude shorter than the
one required by a commercial code considered for comparison.
Moreover, at least in the case of normal incidence, it can be considerably reduced by exploiting the symmetries of the structure.
APPENDIX
The transformation from surface to line integrals is based on
the application of Green’s identity (see, for instance, [29, Appendix 2, eq. (45)])

By applying (A1) to (A5) with
we have

and

(A6)
In the right-hand side of (A6), the line integral vanishes since
on
, whereas the surface integral vanishes because
(A7)
for any scalar function (see, for instance, [29, Appendix 2,
eq. (38)]).
In a similar way, we derive (46).
Derivation of (47): From Table I and (3), we obtain

(A8)

(A1)
Derivation of (44): The magnetic modal fields are related to
the potentials (see Table I and (2)), thus resulting in

,

By applying (A1) to (A8) with
we have

and

,

(A2)
(A9)
By applying (A1) to (.2) with
substituting

and
, and
(see Table I), we have

(A3)
Moreover, by choosing
account that
have

The surface integral in the right-hand side of (A9) vanishes due
to (A7). Moreover, by considering that
(where is defined in Fig. 2), we obtain (47).
Derivation of (48): By substituting the magnetic modal
fields with their expression in terms of scalar potentials (see
Table I and (3)), we obtain

and
, taking into
, and applying (A1) to (A2), we

(A4)
By substituting the surface integral into the right-hand side of
and remembering that
(A4) into (A3), considering
on
, we finally obtain (44).
Derivation of (45) and (46): From Table I and (2), we have

(A5)

(A10)
Therefore, the derivation of (48) is similar to the one of (44),
only taking into account the different boundary condition of the
waveguide scalar potential.
Derivation of (49): From Table I and (3), we obtain
(A11)
By applying (A1) to (A11) with
we have

and

,

(A12)
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In the right-hand side of (A12), the surface integral vanishes due
. This proves (49).
to (A7), and
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